The determination of optimal faculty staffing for a university  by Cooper, Leon
Camp. & Marhs with Appls.. Vol. 3. pp 161-174 Perpamon Press 1977 Prmtcd m Great Brttam 
THE DETERMINATION OF OPTIMAL 
FACULTY STAFFING FOR A UNIVERSITY 
LEON COOPER 
Department of Industrial Engineering and Operations Research, Southern Methodist University, Dallas. 
Texas 75275, U.S.A. 
(Received February, 1977) 
Abstract-A finite difference model has been developed for the distribution over time of a university faculty 
divided into I cohorts. These models have been solved both for the transient and steady-state cases. These 
models have also been incorporated into optimization models to determine optimal policies with respect to 
reaching or maintaining a faculty at a given size subject to the constraints that exist at an institution. For 
the steady-state case, this problem turns out to be a linear programming problem. An example of an actual 
application of the model to a particular university is also given. 
I. INTRODUCTION 
In the decade beginning with l%O, there was an enormous increase in student enrollments in 
colleges and universities in the United States. Concomitant with the increase in student 
enrollments for that period was an increase in the number of faculty members of almost 80%. 
Projections for the next ten years indicate no increase in total- enrollments. Considering the 
ever increasing cost of education, most institutions are in a position of approximate steady- 
state. Some institutions are even considering or have experienced a decrease in the number of 
faculty members. 
In light of the above, the allocation of open faculty positions and the choice of hiring, 
promotion and attrition policies to achieve a desirable allocation subject to the constraints of 
budget, morale and other resources, becomes a problem of paramount importance. 
Most academic administrators do not squarely face the fact that promotion and attrition 
policies can be controlled to a large extent. The assumption is frequently made by the 
administrator that in the short term, these matters are defined by institutional tradition and are 
out of his hands. By contrast, what is assumed in this paper is that sub-units such as 
departments, chools and in aggregate, the entire university do, in fact, have the ability to set 
policies and execute decisions which can affect both long and short term prospects of an 
educational institution. To do otherwise is to risk having perpetual crises in budgetary decisions 
as well as serious personnel problems. Some of these matters have been addressed previously 
in such works as [l-4]. However, the approach taken in this paper differs considerably from 
these other works. 
In what follows, mathematical models representing the ‘flow’ of faculty through ranks and 
with time, will be presented. Following that, these models will be incorporated into the larger 
context of optimization models to solve for optimal policies. Finally, examples of studies made 
on actual data from a university will be presented. 
2. A MODEL FOR THE DISTRIBUTION OF FACULTY 
We define the following: 
i= 1,2,. . ., I = index of cohort (professor) type i 
xi(t) = number of type i in year t 
ui(t) = number of promotions of type i in year t 
d,(t) = number of terminations or resignations of type i in year t 
wi(t) = number of new appointments of type i in year t. 
Using the above notation, the relationship among the variables can be conveniently 
represented as shown in the following diagram. 
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A balance on the flows for each cohort or faculty rank gives rise to the following set of finite 
difference equations: 
In (1) it is assumed that the following initial 
Xi(O) = Wi( 1) 
u,(t) = 0 
We shall assume further, that: 
conditions hold: 
i=l,2,...,Z 
r=1,2,... 
(2) 
(3) 
k(r) = thd) 
d,(t)= c&Xi(t) 
r = 1 2 
’ “” (4) 
where pi = fraction of rank i promoted in any year; 
q1 = fraction of rank i terminated in any year. 
In connection with the term di = qsi(t), it is no more difficult to assume that two separate terms 
di,(t) and dil(r) are to be considered, where 
d,,(r) = number of involuntary terminations in rank i in year r; 
dil(r) = number of voluntary terminations in rank i in year r; 
if there were reason (and available data) to warrant such consideration. The resulting equations are 
no more difficult to solve. 
We make one further assumption and that is that: 
w,(r) = wi i=l,2,...,1 (5) 
i.e. the number added each year to each rank is constant for that rank. This is not a necessary 
assumption. However, it turns out that available data can be fit almost as well with this 
assumption as with an explicit dependence upon time. 
If we combine (1), (4) and (5) we obtain: 
h,xi(r+l)-Xi(t)-pi-lXi-l(t+l)=wr i=l,2,...,1 (6) 
where pO=O, Ai = 1 +p, + qi for all i and the initial conditions are: 
Xr(O)=$, i=l,2 ,..., Z. (7) 
Equations (6) and (7) are a set of Z first order linear difference equations with constant 
coefficients. They can be solved by standard techniques (see e.g.[5]). One solves the set 
sequentially, i.e. the first equation involves only x,(r) and an explicit solution can then be 
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obtained for this function. It can then be substituted into the second equation and x2(t) 
determined. This process is continued for all i. 
It is a relatively simple matter to express all solutions in terms of a set of recursively 
defined coefficients. The general solution to (6) and (7) can be represented as: 
where 
Xi(t) = 2 (lijAzj+l + ai.i+) i= 1,2,...,Z (8) 
i-1 
i+, 
Cr,,=-fi-~Uij i= 1,2,...,Z 
pi-I&--l.j-1 i=l,2,...,Z 
@j = Ai - Ai_j+, j = 2,3, . . ., i 
ai.i+, = 
Wi + Pi-lai-1.i 
hi - 1 
i=l,2,...,1 
(9) 
(11) 
where p0 = 0, Ai = 1 + pi + qi, Vi. 
A proof of the results (8)-( 11) is given in the following proposition. 
PROPOSITION 1. A complete solution to (6) and (7) is given by (8)-U 1). 
Proof. The proof is by induction on i. First we prove that (8)-(11) is correct for i = 1. For 
this case, since pi-1 = 0, (6) and (7) are given by: 
A,x,(t + 1) - x,(t) = WI (12) 
x,(O) = 2,. (13) 
Equation (12) is a first-order linear difference equation with constant coefficients. The solution 
to the homogeneous equation 
is simply: 
A,xj(t + 1) - x,(t) = 0 
x,“(t) = AA,-‘. 
Assuming a particular solution of the form: 
we then have: 
x?(t) = B 
A,B -B = WI 
or 
&W’ 
A,- 1’ 
Hence, combining (14)-(16) we have that: 
x,(t) = AA,-’ + A. (17) 1 
(14) 
(1% 
(16) 
To determine A we note that x,(O) = 2,. Therefore 
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A=f,_2L 
Al-l’ 
Hence the solution to (12) and (13) is given by: 
x,w=[a,-&]A’-‘+& 
where 
x,(t) = a,,A,-’ + a12 (18) 
011 = 2, - a12 (19) 
WI -- al* - *, - 1’ (20) 
It is readily seen that (18x20) satisfy (Q-o-(l). Hence we have established the case for i = 1. 
To prove the inductive step, we assume that (Q-o-(l) are correct for i = m, i.e., 
(22) 
_ pm--1fYm--l.j-I 
amj - A, -L-j+, j=2,3 m 9 * * *, (23) 
am.m+l = 
w, + pm-l%l-l.m 
A,-1 * (24 
We shall now show that by substituting (21)-(24) into the difference equation: 
Am+lxm+l(f +1) -x,+,(t)-p,x,(t + 1) = w,+1 (25) 
that we will obtain a difference equation whose solution is given by (Q-o-( 1) for i = m + 1. 
Fist we note from (21) that: 
(26) 
Therefore, combining (25) and (26) we obtain: 
The homogeneous solution to equation (27) is: 
x”,+,(t) =AJ,:,. tw 
We assume a particular solution of the form: 
(27) 
(29) 
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and substituting (29) into (27) yields: 
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Equating coefficients of like terms in (30) we obtain: 
from which we obtain: 
. 
Bi = A~+~~~mi_, m ,+, 
B m+l = 
wm+, +Pmam.m+l = 
A -1 
am+l.m+2. 
I?+, 
Therefore we may write X,+,(t) as: 
xm+,(t) = A,A;‘+, + 2 A,+rIy_, + am+,.m+2. 
j-l m ,+1 
(31) 
(32) 
(33) 
To determine A, we substitute the initial condition, 
X,+,(O) = L+, 
into (33), from which we find that: 
(34) 
A, = .%,+I (35) 
The second term on the right hand side of (35) can be rewritten by redefining the index j as 
which is, by definition, a,,,+,.,. Hence we can write A, as 
WI-cl 
A, = if,,,+, - 2 O,+l.j+ am+h+2 
j-2 
or combining the last two terms of (36) 
mc2 
At = am+1.1 =f,+l- 2 Q,+I,j. 
j-2 
(36) 
(37) 
Hence, at this point, we can represent x,+,(t) as: 
x,+,(t) = a,,,+,,,A~:l + 2 A Pmami 
rn+l- Am-j+l 
A '-j+, + a,,,+,.,,,+z. (38) 
i-l 
If we again redefine the index on the second term and combine the first two terms, we have: 
I?+, t?l+, 
L+I(~) = am+l.lAi'+l+ C Amf"r"hj_'. 
j-2 m ,+2 
Aifj+2+am+l.m+2 = 7, a,+l.jA,t_i+2+am+l.m+2 
which completes the proof. 
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Given a set of ff,, pi, qi, wi, equations (8)-(11) can be used to calculate the number of faculty 
in each rank. As an example of the adequacy of the model to represent actual growth data, 
Table 1 presents data for the actual number of faculty in a School of Humanities and Sciences 
of a private university on the West Coast during the years 1959-1971, as well as those 
calculated from (8). The values of pi, qi and Wi were arrived at by a crude process of trial and 
error. A considerably more accurate set of estimates could be determined by employing a 
non-linear egression calculation. However, the data of Table 1 do indicate that the model is 
sufficiently accurate to represent actual growth data. The values of the parameters that led to 
the values given in Table 1 were: 
PI = 0.0750 pz = 0.0950 pp = 0.0150 
41= 0.0750 q2 = 0.1200 q3 = 0.0060 
WI=21 w2 = 7 w3 = 6. 
In the next section we consider the steady-state implications of this general model. 
Table 1. Growth of professorial faculty 
Academic 
Year 
Assistant 
Professors 
Actual Calculated 
Associate 
Professors 
Actual Calculated 
Professors 
Actual Calculated 
Total faculty 
Actual Calculated 
1959-60 66 66; 63 
MO-61 76 76 66 
l%l-42 87 84 71 
l%2-63 79 91 73 
1%3-64 80 98 67 
WI-65 87 103 66 
l%5-66 92 I08 65 
1966-67 I06 II2 69 
I%74 II8 II6 76 
1-9 II6 119 7s 
l%9-70 II6 122 81 
1970-71 120 124 70 
WI-72 126 126 71 
63* I28 l28* 257 257 
62 I35 137 277 275 
62 I57 146 315 292 
63 I61 I55 313 309 
63 I66 163 313 324 
64 178 172 331 339 
65 181 180 338 353 
66 193 188 368 366 
68 212 197 406 381 
69 212 205 403 393 
70 225 213 422 405 
71 234 221 424 416 
72 230 229 427 427 
*Assumed as x,(O) = 4. 
3. STEADY-STATE EQUATIONS 
In the first section of this paper, the importance of determining and maintaining steady-state 
conditions with reference to the total number of faculty in each rank or for the total number of 
tenured faculty, etc. has been mentioned. For this reason, we wish to derive the steady-state 
conditions under several assumptions. 
Case 1: Total number of faculty remains constant 
For this case there is only one cohort and so there is one difference equation that applies, 
viz., 
Ax\x(t + 1) -x(t) = w (39) 
whose solution is given by (l&o-(O). i.e. 
x(t) = a,r\-’ + a2 
a,=T-a2 
W 
a2=I\ 
where A = 1 + p + q, i = x(0). 
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Hence, in steady-state: 
lim a,h-’ = 0 
,- 
and we have that: 
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. .* w = f(p + q). (41) 
This result is simple and almost self-evident. It says that the number of new faculty added each 
year in a steady-state condition equals the sum of the number of faculty who have retired and 
the number who have left the faculty by dismissal or resignation. 
Case 2: Total number of faculty in each rank remains constant 
For this case we can show that the steady-state conditions are given by 
$(Pi+qi)-R-,Pi-,-Wi=O i=1,2 ,..., I. (42) 
It states the relationships that must exist between the Zi, pi, qi and Wi in order to preserve 
steady-state. The following proof establishes this result. 
PROPOSITION 2. The relationships among the constants Zi, pi, qi, wi that must exist, for a 
steady-state solution to (6) and (7) if the total number in each rank remain constant, are given 
by (42). 
Proof. The proof is by induction on i. First we prove that (42) is correct for i = 1. For this 
case we have one cohort, and this then reduces to Case 1 previously considered. For this case 
we obtained, using a subscript 1 on the variables: 
.fl(P, + 41) - WI = 0. (43) 
Since p. = 0 we can rewrite (43) as: 
f&l + 4,) - -fop0 - WI = 0 
and it can be seen that (44) is identical to (42). 
To prove the inductive step, we assume (42) holds for i = m. This means that: 
From (45) and (8) it follows that: 
which has led to: 
fi@ xm(t) = R = amem+, 
zn,(Pm + qm) - LHPm-1 - wm = 0. 
Consider now: 
fi@ x,+,(t) = _Ltl = (Y~+~.~+~ = “+;+ ‘Ty+‘. 
IPI+, 
(45) 
(W 
(47) 
(48) 
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which 
which 
Xnl+l= 
Wm+I + .Lpm 
A VI?+, -1 
upon rearrangement yields: 
L+1(p,+,+ qm+,) - Lp, - w,+1= 0 
is indeed equation (42) for i = m + 1. This completes the proof. 
COPTIMlZATION MODEL-GENERALCASE 
(49) 
Let us consider either the steady-state quations (42) in Case 2 in the foregoing section or 
the more general equations (S)-(ll) in Section 2. 
It can readily be seen that for Z cohorts there are 31 parameters or constants required to 
describe the system. These are the pi, qi, Wi, i = 1,2,. . ., I. Hence we have an underdetermined 
system, e.g. in the steady-state case. The parameters pi, qi, wi are in reality, control variables 
that the decision maker may set. Providing he chooses values that satisfy (50) the system will 
be steady-state. There are an infinite number of possible sets of non-negative pi, qi, wi which he can 
choose. Other choices of the variables will lead to non-steady-state. 
In order to model a system of faculty ranks for either the transient or steady-state case, 
there are additional constraints that must be added. These will be discussed subsequently. 
However, we shall still have an underdetermined system of equations and inequalities. Clearly, 
it is desirable to specify some objective function and choose a policy (a set of pi, qi, wi) that will 
optimize this objective function. There are obviously many that could be chosen. One such 
model that was used in an application study will be derived here. 
Since our variables relate to promotion, attrition and addition of faculty members, it seems 
reasonable to consider the following costs. 
c,i = cost per year of hiring a new faculty member in rank i 
cdi = cost per year of termination of a faculty member in rank i 
c.i = cost per year of promotion or retirement of a faculty member in rank i 
csi = average yearly salary of faculty member in rank i. 
Let us now consider, on the assumption of an objective function that will represent otal cost, 
what the various components of this objective function are. We assume a planning horizon of T 
years. 
CW = $, $, Cwiwi = T$, cwiwi’ 
(2) Cost of faculty terminations or resignations (Cd) 
C* = 2 2 C&(t) = 2 2 CL&Xi(t) = 2 2 ‘diqi [fi aiiAzi+1  ai.i+1] 
where ail are as defined in (9)-(11). 
By making use of the fact that: 
&-L!& 
(50) can be rearranged, after some tedious algebra, to the following: 
(51) 
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(3) Cost of promotion (C.) 
where aij are defined in (9)-(11). 
By analogy with (50), equation (53) can be rearranged to: 
(4) Cost of faculty salaries (C,) 
(52) 
(53) 
(54) 
(55) 
Again we can rewrite (55) as: 
The total costs then will be considered to be: 
CT = c, + c, + C” +- c,. (57) 
Therefore, the objective function is taken to be: 
(58) 
We turn now to the constraints of the problem. Assuming that in the planning period of T 
years we wish to reach goals of Si faculty members in each rank, we then have the following 
set of constraints that must be satisfied: 
8 (Y&II+* + ai.i+, = Si i = 1,2, . . ., I. (59) 
Note that the above constraints automatically fix the ratio of tenured faculty. Suppose a 
ratio R is desired and that ranks Z, Z - 1, . . ., Z - h are tenured, then it is clear that: 
(60) 
Since Si are set by the decision maker, constraints (59) automatically set this ratio. However, if 
the AAUP guideline of seven years before granting of tenure is observed (or any other 
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guideline) then we must insure that those individuals in ranks i = 1,2, . . ., I - h - 1 have moved 
out of these ranks in seven years or less. In order to insure this, we need to add constraints 
which says that in years T, T + 1,. . ., T +6 or before, the number present in ranks i = 
1,2,. ., I - h - 1 must be removed from those ranks. Therefore we add a set of constraints 
I--h-, r+6 I-h-, 
z @i + %)xi(r)r z Xi(T), 7 = 1,2,. . ., [;I (61) 
where [al indicates the greatest integer less than or equal to a. 
One last set of constraints that need to be added are lower and upper bounds that may be 
imposed by any given administrator on the allowable values of pi, qi and wi. These are given by: 
Lpi 5 pi 5 Upi i = 1,2,. . ., I 
L,i I qi 5 u,, i=l,2,...,1 (62) 
Lwi 5 Wi 5 Uwi i = 1,2, . . ., I. 
We then have that the cost minimization problem subject to given growth goals and other 
administrative policy constraints is given by the following problem: 
min C, = Ti c,w, + 
i-t 
2 (c&i + Cdiqi + Csihi] 
c.@,+cd&+csa o,.-,]+‘.‘+(~~(C~,p~+Cd,q,+C~r)rrrl .) 
subject to: 
(63) 
and where xi(t) is given by (@-o-(l). 
It can be seen by examining both the objective function and constraints of (63) that it is a 
nonlinear programming problem, whose solution is not easy to characterize. However, the size 
of the problem for any reasonable number of cohorts (I = 4 or 5) is not particularly large and it 
can be readily solved for a local minimum, which may or may not be a global minimum, by any 
of a number of solution algorithms. 
5.OPTIMIZATION MODEL-STEADY-STATE CASE 
In order to derive the objective function for the steady-state case we can write Cr in its 
original form as: 
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Let C, = steady-state objective function. Then 
However, by (42), we see that in steady-state 
zi = Wi +$-lpi_, 
Pi + qi 
i=1,2 I. , . . ., 
Furthermore, we have: 
aid+1 = 
Wi + Pi-I%-1.i = Wi + Pi-I&-1.i 
Ai - 1 Pi + qi 
i=1,2 I. , . . .t 
(65) 
w 
(67) 
Comparing (66) and (67), we see that in steady-state, fi = Q.~+,. Hence we may write the 
objective function C, as: 
C, = i [C,iWi + (C&i + Cdiqi + C*i)fil- e.w i-1 
Since we wish steady-state conditions to hold, the constraints (42) must be imposed, i.e., 
_fi(pi + q*) - Cii-lpi-l - Wi = 0 i=1,2 Z. 9 * . ., (6% 
The tenure restriction for the steady-state case is a special case of (61). In seven years the 
individuals in ranks i - 1,2, . . ., Z - h - 1 must be moved out of those ranks by any of the means 
available. Therefore, we have that, since fi remains constant for each year, 
I-II-1 r--k-, I-h-l 
7 g [&(pi + Cji)-t-lpi-l]=7 x wi 1 x b. 
i-1 i-l 
Hence the tenure constraint becomes: 
(70) 
The final constraints are bounds on the variables, and are the same as in the transient case: 
Hence the steady-state optimization problem is: 
subject to: 
lllb’l C, = $ [CviWi + (Cu@i + cdl@ + Csi)-%I 
i-1 
k(pi+qi)-R-lpi-,-w,=0 i=1,2 Z ? +. ., 
I--h--l 
z Wi =i’$r’ fi 
Lpi 5 pi 5 Upi 
L,i 5 qi 5 u,i i= 1,2,...,Z 
Lwi 5 Wi I Uwi. 
(71) 
(72) 
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The problem given by (72) is a linear programming problem and is therefore readily solved. 
In the following section, the results of some studies undertaken using this model will be given. 
6.AN APPLICATION OFTHE STEADY-STATE MODEL 
The study reported in this paper was undertaken at a middlesized private university in the 
Southwest. The following assumptions were used. 
(1) I = 4. There are four groups of professors considered: Instructors, Assistant Professors, 
Associate Professors, and Professors. 
(2) It is assumed that ranks 3 and 4 (Associate Professors and Professors) were tenured. 
(3) It is assumed that p4, the retirement rate (‘promotion’ of full professors) was fixed and 
known (p4) by historical circumstances. 
(4) It is assumed that q3 and q4, the attrition rates of associate professors and professors, 
are constant and known as q3 and &. 
The linear programming formulation (72) was modified to take into account he assumptions 
given in the foregoing and redefine some variables as follows: 
Let 
p~=pj-Lpi 20 
q;=qi-L,czo 
w: = wi - L, z 0. 
i= 1,2,3,4 (73) 
If we define the following constants: 
i = 1,2,3 
‘yi - = c&i i=1,2 
d, = L,, - %(L,, + LA 
dz = Lv2 - 4(L,, + L,z) + LP 1-C 
d, = L,j - &(Lp3 + 63) + L&2 
d4 = Lv4 - T&T4 + 44) + Ld3 
d,=+I,+fJ-L,&.2 
then the formulation of (72) can be rewritten as: 
such that: 
fipI+ff,ql-w:=d, 
flp: - 22p; - fzq; + w: = -d, 
fzp;--ixp;+ w:= -d, 
fjp; + w: = -d, 
w:+ w;=ds 
p;su,i-L,i i= 1,2,3 
The determination of optimal faculty staffing for a university 
qjsu,i-L,i i= I,2 
wls u,i- L,, i= 1,2,3,4 
PI, q1,wlz 0 i= 1,2,3,4. 
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(74) 
The constant K is used in the objective function of (74) rather than K’ since the sum of the 
average salaries for the steady-state case is assumed to be constant or not controllable. 
The determination of the costs cvi, C.i and cdi require some special comment. Initially, the 
deans and financial officers of the various schools of this particular university made estimates 
of these costs. These estimates were provided by people with varying degrees of enthusiasm for 
the effort as well as varying biases and assumptions. These raw data were weighted according 
to the number of faculty involved and weighted average values of these costs were then 
obtained. Hence the cost data must be assumed to be subject to possibly large error. However, 
subsequent sensitivity analysis revealed that the linear programming solution was quite insen- 
sitive to large errors in these costs. Hence the policy implications of the solution can be 
regarded seriously. 
The following data were used in solving the steady-state model: 
Lpi = 0.05, i= 1,2,3 
L+ = 0.05, i= 1,2 
L,i = 5, i = 1,2,3,4 
Upi = 0.20, i= 1,2,3 
u,i = 0.30, i=1,2 
u,i = 50, i = 1,2,3,4 
(f3 = 0.069 & = 0.039 p4 = 0.048 
.Y, = 36 fz = 152 fs = 123 R= 144 
C,I = $3,957 cdl = $2,404 c,l = $2,454 
C”2 = $5,154 cd2 = $3,765 cw2 = $3,98 1
c.3 = $7,491 cd3 = $8,294 c,3 = $5,845 
C”4 = 0 cd4 = $12,108 cw4 = $4,823. 
Using the data given above, the linear programming model was solved and the following 
solution obtained: 
p I = 0.050 q, = 0.267 WI = 11.4 
p2 = 0.063 q2 = 0.050 w2 = 15.4 
p3 = 0.050 w3 = 5.0 
w, = 6.4. 
Total cost was found to be $442,457. 
It was of interest o compare this policy with an approximately steady-state policy of the 
university which was very close to its historical policy of the past several years. This policy 
was: 
pl = 0.128 q, = 0.150 W] = 10 
p2 = 0.045 q2 = 0.150 w2 = 25 
p3 = 0.068 w3= 10 
w., = 4.2. 
The total cost was found to be $563,902 or 27.4% higher than the optimal policy. 
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7. SUMMARY 
A general model for the distribution of faculty in I cohorts over time has been developed 
and solved for the transient and steady-state cases. 
The distribution model has also been incorporated in optimization models for both cases to 
determine policies that optimize costs of reaching or maintaining a faculty at a given size subject 
to constraints that exist at the institution. For the steady-state case, this problem turns out to 
be a linear programming problem. 
An example of an actual application of the model to a particular university is given which 
indicates that significant savings are possible if optimal policies are employed by decision 
makers. 
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